Abstract-This paper presents a systematic method to analyze the robustness of uncertain linear stochastic quantum systems (LSQS). Uncertainties are studied in the optical realization, where all the corresponding parameters are affected. First, robustly stable LSQSs are defined and then, by the use of the "uncertainty decomposition algorithm", robust stability of the LSQSs is analyzed within two different approaches. In the first approach, a sufficient small-gain-like theorem is presented and in the second approach, another sufficient condition for robust stability based on Lyapunov theory is presented. The robust stability analysis is validated via a case study.
I. INTRODUCTION
Developments in quantum technology have led to new ways of engineering our world. Quantum physics has shed light on many dark corners of science and has provided justification for a number of counter-intuitive experimental results. It has given rise to a new way of modelling the nature. This new model results in a new way of thinking and interpreting of physical phenomena, which in turn, leads to a new way to compute and communicate. Building on these methods, quantum technology has opened a unique window of opportunity for industrial advancement, and therefore, has attracted the attention of many researchers.
Linear stochastic quantum systems are widely used in quantum optics. Through using feedback, recurrent quantum linear networks provide a potentially useful framework with a wide range of applications in quantum computing and communications.
In order to guarantee the stability of a system despite any kind of model uncertainties such as unmodeled dynamics, aging, and parameter variation, it is essential to consider robustness against such factors in the design process. In this regard, uncertainty modeling and decomposition is the first step in the robustness analysis of uncertain systems.
In quantum optics, as any other engineering system, uncertainties are introduced during the modeling process. Assembling limitations, detuning parameters, and manufacturing tolerance are the most important reasons for model uncertainty in linear quantum networks. Any component in quantum optics is characterized by the triplet ( , , )
G S L H 
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in order to assemble an optical network. Each of these components may be associated with certain types of uncertainties. Therefore, a systematic approach for modeling uncertain linear quantum systems will pave the way for robustness analysis and controller synthesis.
In the literature, valuable research on robustness of linear quantum systems have been performed. Early work in the 1970's on quantum probability theory and quantum feedback control by Belavkin has pioneered many researches in this area [5] [6] [7] . Continued by James, Milburn, Wiseman, Doherty and Mabuchi, quantum control was founded in the 1990's [8] [9] [10] [11] [12] . Followed by Petersen, Lloyd, van Handel, Gough, and Bouten, the scope of optimal control, robust control, and other control and filtering algorithms was extended to quantum technology in the 2000's [3, 4, 10, [12] [13] [14] [15] [16] [17] [18] [19] . Linear stochastic quantum systems are studied and well defined by James, Petersen, Nurdin, Gough, and Mabuchi for the state-space realization [3, 4, 13, 16, 20, 21] . Recent research by Petersen, James, Nurdin, and Dong has covered the robustness issue [3, 12, 13, 17, 22] . However, these publications were mainly focused on uncertainty in the state-space realization, especially in the form of Hamiltonian perturbation.
In this paper, a general uncertainty form for linear quantum networks in optical realization is considered as in [1] , which takes the modeling uncertainties into account. Such a realization is more experiment-oriented and might be of special interest to experimental physicists. Also, a linear quantum network is mostly initialized and assembled in an optical realization. Based on the "uncertainty decomposition algorithm" introduced in [1] , robustly stable LSQSs are defined. Although the introduced uncertainty set is not convex, a lemma is presented, which prepares us to propose robust stability theorems. Two different approaches are introduced in order to evaluate the robust stability of this form of uncertain LSQSs. A sufficient condition for robust stability is presented for each approach. These theorems provide a novel robustness-analysis framework for uncertain LSQSs. Two main features of this paper are: 1) Evaluating robust stability in the presence of uncertainties in all three parameters S , L and H , which has not been introduced earlier.
2) Considering uncertainties in optical realization, which is a novel viewpoint in quantum optical systems theory.
The rest of the paper is organized as follows. Section II provides an introduction to linear quantum networks and their modeling. This section, mostly introduces basics of linear
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Peyman Azodi, Alireza Khayatian, Peyman Setoodeh 2 quantum systems, their representation, network modeling, dynamics, and the preliminary background for the subsequent sections. In section II.C, uncertain linear quantum systems in the optical realization are described. This section introduces an uncertainty model from [1] , which considers parameter uncertainties in the triplet
. Also, a systematic decomposition algorithm in both optical and state-space representations is presented. In section III, robustly stable LSQSs are defined and in section IV, robustness of linear quantum networks is studied. This section has two subsections. In each of these subsections, an approach to robust stability is considered. Then, an illustrative example is presented in section V to validate the systematic procedures of the proposed algorithms. The paper concludes in Section VI. The Appendix provides the proofs of the theorems and lemmas. 
II. PRELIMINARY

A. Definitions and notations
The above definitions will be used for modeling of LSQSs. 
where shows the correspondence between the Hamiltonian operator and its corresponding double-up form.
( , ) I S L  specifies the interface of the system to external field channels [3, 4, 7, 20, 21, 25] . The scattering matrix, 
. The gauge processes () ij t  are adapted quantum stochastic processes. The state and output fields of the process
Linear stochastic quantum systems can also be described in the state-space realization,
, which is more familiar for engineers. Dynamic equations in the stochastic state-space realization derived for Hudson-Parthasarthy QSDE are as follows [3, 4, 20, 21] :
B C D 
, and 1 2
With the help of existing theories in robust control theory in the state-space realization, the process of evaluating robust stability in optical realization becomes possible.
C. Uncertainty modeling of LSQSs in the optical realization
In [1] , a novel viewpoint for uncertain LSQS has been presented. In this viewpoint, an uncertain LSQS is decomposed into two subsystems. One of which consists of uncertain parameters (uncertain subsystem) and the other is completely certain (nominal subsystem). The optical realization is more experiment-oriented in quantum optics. Also, a quantum optical network is mostly initiated and assembled in this realization. Hence, in this paper, by using the state-space analysis, the robust stability of LSQSs is evaluated in the optical realization.
Consider a quantum network, 
In the following, a decomposition theorem is presented. The goal of this decomposition theorem is to decompose an arbitrarily perturbed LSQS, ( GG  ), into two subsystems.
Theorem 1.
Consider an arbitrary uncertain linear quantum system GG  , represented in the optical realization. where the underlying subsystems possess the following parameters: By this decomposition theorem, an uncertain linear quantum system is decomposed into two subsystems, one of which is completely certain and the other one consists of uncertainties. In this way, the nominal parameters are completely separated from the uncertain parameters. It is also shown that the state matrix of the uncertain system can be decomposed to a nominal part (the state matrix of the nominal subsystem) and an additive perturbation part ( A  , together with an additional matrix A). The following assumption will be used in the next section:   , such that the following inequality holds 
IV. ROBUST STABILITY OF UNCERTAIN LSQSS
In systems theory, robust stability is a critical issue. It is important to ensure that an uncertain system remains stable in the presence of uncertainties. The first step in algorithmic robust stability analysis is uncertainty decomposition. In the previous section, two decomposition algorithms were proposed in order to decompose a general linear uncertain quantum network in both optical and state-space realizations.
As it was discussed, uncertainties are considered and modelled in optical realization. In order to perform the robust stability evaluation, existing theories for the systems in statespace realization have been engaged. This procedure does not disturb the goal of evaluating the robust stability in optical realization because the uncertainties are modelled in this realization.
Using prior knowledge about the uncertain parameters, the following norm-bounded condition is assumed: †2 
B. Robust stability analysis: Lyapunov-based approach
In this section, another approach to robust stability analysis of uncertain LSQSs is followed. This approach is based on Lyapunov stability theory. Using the H  approach [3, 13, 17, 29, 30] and the Linear Matrix Inequality (LMI) computational methods [29, 31, 32] , the following robust stability theorem provides a sufficient condition for G to be robustly stable in the presence of uncertainties. 
■
These two stability theorems are the main contributions of this paper, which provide the sufficient conditions for robust stability in the presence of uncertainties.
Remark 1.
In Theorem 1, both (27) and (28) are sufficient conditions for robust stability. However, (28) seems to be more computationally demanding although it might be easier to handle using an LMI minimization algorithm.
V. ILLUSTRATIVE EXAMPLE
In this section, an illustrative example is presented, which shows capabilities of the proposed decomposition algorithms and their consequences. A simpler version of this example has been considered in [3, 22, 25, 26, 33] .
This example is an optical cavity coupled to three input channels ,, v w u and three output channels ,, x y z as shown in Figure 2 . 
The original uncertain plant parameters are:
where  is the "detuning" parameter and is related to the difference between the external field frequency and the cavitymode frequency. Also,  denotes the uncertainty in the value of 1 k , which plays a critical role in the plant dynamics. Prior knowledge about these uncertain parameters is taken into consideration as   and   .
The state-space realization of this LSQS is obtained as: In order to check the robust stability, the total attenuation rate is chosen to be . Thus, by Theorem 2, the sufficient condition for robust stability is:
This upper bound can be rewritten based on the upper bounds on the uncertain parameters. Then, in order to achieve robust stability in the sense of Definition 2, the following inequality must hold: This example shows how the proposed theorems provide us with a systematic procedure to decompose the uncertain and certain parts of a linear quantum network in order to facilitate investigation of network's robust stability.
VI. CONCLUSION
In this paper, a robust stability analysis algorithm was proposed for general uncertain LSQS in the optical realization.
The proposed systematic procedure for robustness analysis is summarized as follows:
1. Determine the uncertain parameters and their bounds.
2. Use the decomposition presented in Theorem 1 in order to extract the nominal system from the uncertain system in the optical realization.
3. Use the extended decomposition presented in Theorem 1 in order to decompose the system state matrix to the nominal and the additive normbounded uncertain parts.
4. Use Theorem 2 or Theorem 3 in order to check robust stability of the system in the presence of uncertainties.
In complex networks, availability of an algorithmic and systematic approach for decomposition of the uncertain parts is of critical importance since in such networks handcrafted calculations may not be feasible. Adopting the LMI approach for solving the corresponding minimization problem and the norm-bounded assumption on additive perturbation state matrix may lead to conservative designs that guarantee the robust stability. However, this issue is outweighed by the practical value of the proposed method, when it comes to complex networks. Achieving less-conservative designs will be the focus of future research.
APPENDIX: PROOFS
The following lemmas will be used in the proof: 
